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Abstract 

The incompatibility between the Lorentz invariance of classical electromagnetism 
and the Galilean invariance of continuum mechanics is one of the major barriers to 
53 prevent two theories from merging. In this note, a systematic approach of obtaining 

Galilean invariant field variables and equations of electromagnetism within the semi- 
relativistic limit is reviewed and extended. In particular, the Galilean invariant forms of 
• <— i , Poynting's theorem and the momentum identity, two most important electromagnetic 

identities in the thermomechanical theory of continua, are presented. In this note, 
we also introduce two frequently used stronger limits, namely the magnetic and the 



electric limit. The reduction of Galilean invariant variables and equations within these 
stronger limits are discussed. 



> 

q ■ 1. Introduction 

00 ' 

Recently, the rapidly growth of many technological applications involving both mechanical 
and electromagnetic properties of materials, such as MEMS, elastic dielectrics, and 
piezoelectric materials, stimulates strongly the interests in the field theory of 
thermomechanical continua interacting with classical electromagnetism 1_r . The subject 
was initiated by the theories of elastic dielectric 8 and magnetoelasticity 9 . Later, many 
efforts 1 ~ 3 ' 5 ~ 7,10 ~ 13 have been made to a fully unified theory concerning electricity, magnetism 
and mechanics all together. 

However, until now the basic formulation of the integrated theory is still lack of a 
universally accepted version. One of the major barriers to the fusion of electromagnetism 
and thermomechanics of continua, as pointed out by Hutter et al. l , Fosdick and Tang 3 and 
others, is the complexity of addressing the issue of space-time invariance. This issue 
becomes particularly significant when the velocity field of particles in materials cannot be 
neglected. Continuum mechanics is required to be invariant (covariant) under Galilean 
transformations of the three dimensional Euclidean space, while classical electromagnetism 
is Lorentz invariant in the four dimensional Minkowski spacetime. The physical variables, 
such as electric field, magnetization and the Lorentz force, directly adopted from 
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electromagnetism are not Galilean invariant. Consequently, physical laws and constitutive 
relations in terms of these variables will have different forms for observers doing 
measurements in different Galilean inertial frames. 

A popular strategy of addressing this issue is to introduce the Galilean invariant forms 
of various field variables in electromagnetism. Such Galilean invariant forms (Galilean 
invariants, partial potentials) have been discussed in detail in the books of Hutter et al. x 
and Kovetz 2 among others. Other authors, such as Tiersten 13 , Fosdick and Tang 3 , have 
also carefully studied the transformation rules of field variables in electromagnetism under 
Galilean transformations of the Euclidean space, without explicitly mentioning the notion 
of Galilean invariant forms. It is useful to have a clear summary of these Galilean invariant 
forms, because, using Truesdell and Toupin n 's words, 

"In most elementary and even advanced texts on electromagnetic theory, a clear 
distinction is not made between the partial potentials 2) and f) and the resultant 
potential D and H in the discussion of polarizable and magnetizable media." 

The present note aims to give a systematic review and some extensions of the Galilean 
invariant forms of field variables and equations in classical electromagnetism within the 
semi-relativistic limit (defined later). 

Once the Galilean invariants are determined, all the equations in classical 
electromagnetism can be rewritten in terms of them rather than the original non-objective 
field variables, as we will shown later in this note and also can be found in the 
literature 1 ~ 6 ' 10 ~ 13 . What's more, this enables us to use only Galilean invariant variables in 
constitutive relations. For example, a dielectric material often has the constitutive relation 
like P = %E, where P is the polarization and E is the electric field strength, x is a 
material constant to be determined by experimental characterization. It has been noticed 
since the time of Lorentz 14 that this constitutive relation is not Galilean invariant. Thus, 
some researchers, for example Truesdell and Toupin 11 , Landau and Lifshits 15 , have 
postulated an alternative way of writing this constitutive relation that is P = x*E, where 
*E = E + v x B, v is the velocity of particles in the material and B is the magnetic field 
strength. It was believed that this new form is Galilean invariant when |v| is small (we will 
give a more precise meaning of "slow" later). Since the new x is t ne same as the old x 
which can be determined by the same static or quasi-static experimental characterization, 
this treatment introduce no extra difficulty to the material constants determination. All it 
requires is a new set of governing equations that is written in terms of *E in stead of E, 
which is one of the main task of studying the Galilean invariant formulation of 
electromagnetism, and which is also what we try to establish in this note. *E will be shown 
to be the Galilean invariant form of E. 

In the above example, P is presumed to be Galilean invariant, which is actually true only 
within the non-relativistic limit, but not within the semi-relativistic limit. The terminology 
of non- and semi-relativity is borrowed from Hutter et al. 1 . According to Hutter et al. x , non- 
relativistic limit means that "in MKSA-units terms containing a c _2 -factor are neglected". 
Here, c is the speed of light in vacuum. If "terms of order V 2 /c 2 are neglected (V = velocity of 
particle in the body), while those containing c _2 -factor are kept, we call such approximations 
semi-relativistic". Even though various existing theories can be nicely unified within in 
the non-relativistic limit, as proven by Hutter et al. 1 , Chapter 3, the non-relativistic limit 



does not have a convincing physical meaning, because physical laws should not depend on 
the choice of unit system. The exact form of a term may be different in different unit 
systems, but the significance of such term should be the same in all unit systems. The semi- 
relativistic limit is therefore a more proper approximation of classical electromagnetism when 
the velocity field is small but not negligible. In this note, we focus on the semi-relativistic 
limit. The purpose of this note is two-fold: 

(i) It is easier to form a Galilean invariant constitutive model by Galilean invariant field 
variables. 

(ii) It is even better to have governing equations also in terms of these Galilean invariant 
field variables. 

2. Terminologies 

We summarize our terminology in this section. In this note, we use the indices notation for 
four dimensional tensors (including rank-1 tensors, i. e. vectors) and the direct notation for 
three dimensional ones. By default, a three dimensional vector is represented by a 3-by-l 
column vector. The frequently used field variables are listed in Table 1. 

Table 1: Frequently used field variables and constants in classical electromagnetism 



notation 


dimension 


description 


notation 


dimension 


description 


<P 


R 


scalar potential 


A 


R 3 


vector potential 


P 


R 


charge density 


J 


M 3 


current density 


Pi 


R 


free charge density 


Jf 


R 3 


free current density 


E 


M 3 


electric field strength 


B 


M 3 


magnetic field strength 


D 


R 3 


electric displacement 


H 


M 3 


magnetizing force 


P 


R 3 


electric polarization 


M 


R 3 


magnetization 


eo 


constant 


vacuum permittivity! 1 ! 


Mo 


constant 


vacuum permeability^ 



M eo and /io satisfy e^u^c 2 = 1. 

In this note, we define the gradient and the curl of an arbitrary three dimensional vector 
field f , and the divergence of a three dimensional tensor (of rank 2) field F as 



the gradient of a vector: 

the curl of a vector: 

the divergence of a tensor: 



(Vf)« = d t f 3 , 

(V x f)j = eijkdjfk, 

(V • F)« = d 3 F 3l . 



Above, €ijk is the third-order Levi-Civita permutation operator. For three dimensional 
vectors and tensors, we do not distinguish the superscript and subscript indices. 

Definition 1. A Galilean transformation of the three dimensional Euclidean space, M 3 , is the 
composition of a uniform translation, c £ M. 3 , and a rigid body rotation, Q £ 5*0(3). Here, 
5*0(3) is the set of all matrix representations of proper rotations. A point whose position in 
the original frame is x has the coordinate in the transformed frame x.' , which is 



x' = Qx + c. 



(1) 



We denote such a transformation £f(Q,c). 

Definition 2. A scalar field g, a vector field g or a (second-rank) tensor field G in the 
three dimensional Euclidean space, R 3 , is called a Galilean invariant (contravariant) scalar, 
vector or tensor field, or simply a Galilean invariant, if it transforms under a Galilean 
transformation, 5f(Q,c) ; according to the rules 

«/(x') = <?(*), (2a) 

g'(x') = Qg(x), (2b) 

G'(x') = QG(x)Q T , (2c) 

where Q T is the transpose of Q. A formula (equation) is called Galilean invariant, if its 
form remains no change under any Galilean transformation. A Galilean invariant theory is 
a theory in which all formulas are Galilean invariant. 

Definition 3. Minkowski spacetime is a four dimensional vector space equipped with the 
Minkowski metric 

^=(o -l)' ® 

where I G M 3x3 is the 3-by-3 identity matrix. A point in the spacetime, also called an event, 
is represented by 

X» = (fj = {<*,*}, (4) 




where c is the speed of light in vacuum, iel and x = 

Remark 4. X^ denotes also the four- displacement from the origin to the event. 

Definition 5. A Lorentz transformation of the Minkowski spacetime is represented by a 
4~by~4 matrix K^ u satisfying 

ri va ,M i a M i p = Vap, (5) 

such that an event whose four- displacement in the original frame is X^ has the coordinate 
in the transformed frame, X'^, as following: 

(X'Y = A» U X U , (6) 

We denote such a transformation J2?(A M j,). 

Definition 6. A scalar field ip, a four-vector field g^ or a four-tensor field Q^ u in the 
Minkowski spacetime is called a Lorentz invariant (contravariant) scalar, four-vector or 
four-tensor field, or simply a Lorentz invariant, if it transforms under a Lorentz 
transformation, J2?(A^), according to the rules 

rl/(X')=iJ>(X), (7a) 

g'\X') = AWW, (7b) 

G ,VV (X') = A\A^g af5 (X). (7c) 



A formula (equation) is called Lorentz invariant (or covariant), if its form remains no 
change under any Lorentz transformation. A Lorentz invariant theory is a theory in which 
all formulas are Lorentz invariant. 

Remark 7. If a vector field g^ and a tensor field Q^ v are Lorentz invariant, their covariant 
counterpart g M and Q^ u satisfy 

9n = K V 9v, (8a) 

G'^X') = AfA/GapiX), (8b) 

where A/ = (A%) T . 

Let us finishing this section by the definition of the semi-relativistic limit, a core concept 
of the present note. 

Definition 8. A physical problem in Minkowski spacetime is considered to be within the 
semi-relativistic limit, if the following three conditions are satisfied: 

(I) All measurements are done in the set of inertial frames moving relative to each other 
with velocities, u, such that |u|/c < e for any pair of frames. 

(II) In any inertial frame, the velocity field of particles (field sources) satisfies |v|/c < e. 

We denote the typical value of a physical variable by [•]. Let [x] and [t] be the length and 
time scales of the problem so that for any scalar, vector or tensor field f under consideration, 

[d™V n f] ~ [/]/[t] m N n , (9) 

for every ^ m, n < +oo ; where d t and V are respectively the time and spatial derivative 
operators. Clearly, in the inertial frame under focus, [v] ~ [#]/[£]> an d 

(III) the length and time scales of the problem under interest satisfy [x] < ec[t\. 

Here, e < 1 is such a small number that the tolerance of the theory is larger than 0(e 2 ), i.e. 
terms of order 0(e 2 ) can be dropped. 

Remark 9. It may look like that the condition (II) is just a consequence of (III), but actually 
it is not. The conditions (I) and (II) are the determination of the small parameter e, while 
(III) is a constrain on other field variables and their derivatives to be suitable for a semi- 
relativistic setup. 

Remark 10. Let [d t f] and [V/] represent respectively the typical value of their components 
in the time and spatial derivatives. Thus, if f is a vector field, we think [V/] = [Vf] ~ 
[V x f] ~ [V • f]. If F is a tensor field, [VF] = [VF] ~ [V ■ F]. 

Remark 11. A problem in which the constrain (9) cannot be satisfied for all field variables 
and for a single pair of [x] and [t] is considered to be multiscale. The Galilean invariant 
formulation of electromagnet ism in multiscale problems will not be covered by the present 
note. 

Corollary 12. Two useful corollaries derived from Definition 8 are 



(IV) for any scalar, vector or tensor field f within the semi-relativistic limit, the scales of 
its time and spatial derivatives satisfy [d t f] < ec[V/], at almost every instance and 
almost everywhere. 

(V) for any scalar, vector or tensor field f within the semi-relativistic limit, 
[dtf] ~ [V/][i>] ~ [/][Vf], at almost every instance and almost everywhere. 

Proof. Using the fact that [dtf] ~ [/]/[£]> [V/] ~ [/]/[x], [v] ~ [x]/[t] and conditions given 
in Definition 8. D 

3. Galilean invariants of a Lorentz tensor 

The difference between non- and semi-relativistic Galilean invariant form of electromagnetic 
variables is best illustrated by the Galilean invariant form of B field. In the non-relativistic 
limit *B = B 1,2 ' 6 ' 10 , while in the semi-relativistic limit *B = B — v x E/c 21 ' 13 . Obviously, 
two choices are equivalent within the non-relativistic limit, but such limit has litter physical 
meaning, as discussed before. Actually, *B = B can be recovered in another limiting case 
even in the semi-relativistic setup, namely the magnetic limit, which will be introduced in 
Sect. 5. The discrepancy between the two choices of *B originates in the different way or 
applying a Galilean transformation to a Lorentz (contravariant or covariant) tensor. 

In fact, a rigid body rotation gives no barrier between Galilean and Lorentz invariance 
properties. It is the boost u that gives us the trouble. So, in the following discussion we will 
only consider the pure Galilean boost, £f (I, —lit). Our derivation of the Galilean invariant 
form of B starts with the Lorentz boost 

('y — '"y u I c \ 

-luM/c I+( 7u -l) UU > 2 J' (10) 



where j u = 1/yl — u 2 /c 2 is the Lorentz factor of speed u. Here, uu T can also be written 
as u £g> u. Clearly, in the semi-relativistic limit, j u — 1. The semi-relativistic Lorentz boost 
is now 

Ah " = ( l ' uT/c ) an 

b ~ sr » \-u/c i ) { ' 

Such transformation was called the "extended Lorentz transformation" by Hutter et al. : . 
Applying this transformation to the electromagnetic four-field tensor gives 

&'v = A n / a A nr ^J^ (12) 

Then recall the relationship between JF and E and B 16 ' 17 , 

W(a) : IR 3 — > M 3x3 is the antisymmetric matrix with the skew axis a e M 3 . It has the 
property that W(a)b = a x b for any b G R 3 . Eqn. (14) gives E' = Q(E + u x B) and 
B' = QB. Following the definition (2b) and the fact that the velocity field transforms 

6 



under £f (Q, — Qui) according to v' = Q(v 
as *E = E + v x B and *B 

four-field tensor gives 



u), the Galilean invariant forms are obtained 



Then recall the relationship between & and E and B 16 ' 17 

-E T /c 



B. Applying the transformation (11) to the electromagnetic 

,,-b-sr f$<y ' (14) 



A, MA, v gj-a/3 
JS -b— sr ™'lb- sr fl^ 



cpw 



(15) 



E/c W(B) 

W(a) : IR 3 — \ M 3x3 is the antisymmetric matrix with the skew axis a 6 M 3 . It has the 
property that W(a)b = a x b for any b G M 3 . Eqn. (14) gives E' = Q(E + u x B) and 
B' = QB. Following the definition (2b) and the fact that the velocity field transforms 
under £f (Q, —Qui) according to v' = Q(v — u), the Galilean invariant forms are obtained as 

*E = E + v x B and *B = B - v x E/c 2 . 

Remark 13. An equivalent way of seeing this is starting with the transformed E and B by 
a fully relativistic Lorentz boost, Eqn. (10). The results are 17 Eqn. (11.149) 

E' = lu (E + u x B) - 7 2 u(u • E)/ c\ lu + 1) 
B' = lu (B - u x E/c 2 ) - 7 ^u(u • B)/c 2 ( 7u + 1). 

Then applying the semi-relativistic approximation, in particular [u(u-E)/c 2 ] < e 2 [E], yields 
the same expressions as above. 

Remark 14. Applying the transformation (11) to an event JT^ = {ct;x} in the Minkowski 
spacetime, we get 

ct'\ , w „ , „ ^ / .„ ( 1 — u T /c\ (ct\ fct — u T x/c 



x 



x"> = A h _ s /,„r 



-u/c 



I 



ut 



Here, u T x = u ■ x. Using semi-relativistic limit conditions (I) and (III), we have [u ■ x/c] < 
e 2 [ct]. Hence, we have proven that the transformation (11) is equivalent to the Galilean 
boost £f (I, — ut) within the semi-relativistic limit. 

Now, we introduce the procedure of obtaining the Galilean invariant forms of a general 
Lorentz tensor (of rank 1 or 2). 

Proposition 15. Let the four dimensional vector g^ and the four dimensional matrix ^^ v 

such that 

'G° (GT N 

G 2 G 3 



for some g , G G 
tensors. Then 



fJ - \ ^i 
g 1 , G 1 and G 2 



<? v 



cgw 



G 3 G 



*9° 



vg 

■9°v 



3x3 ; be Lorentz invariant (contravariant) 
Vc 2 



(*G° = G° - G 1 ■ v/c - v • G 2 /c + v • G 3 v/c 2 
'G 1 = G 1 - G°v/c + (v • G 2 )v/c 2 - G 3 v/c 
*G 2 = G 2 - G°v/c + (v • GV/c 2 - G 3 v/c 
, *G 3 = G 3 + G°v <g> v/c 2 - v ® G l /c - G 2 ® v/c 
are Galilean invariant within the semi-relativistic limit. 



(16) 



17) 
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Proof. Because g^ and ^^ are Lorentz invariant, the semi-relativistic Lorentz boost can be 
directly applied to them and yields 



u/c I J V g J V g — g \x 

caw _ a u /i a u /i «?"/? _ f 1 ~u T /c\ f G° (G 1 ) 3 "^ / 1 -u T /c 

" - A b _ sr Q A b _ sr ^ - ^_ u/c j J ^ G2 G 3 J ^_ u/c j 

G° - (G 1 ) T u/c - u T G 2 /c + u T G 3 u/c 2 (G X ) T - G°u T /c + u T G 2 u T /c 2 - u T G 3 /c 
G 2 - G°u/c + u(G 1 ) T u/c 2 - G 3 u/c G 3 + G°uu T /c 2 - u(G 1 ) T /c - G 2 u T /c 

Then using the fact that under the same Galilean boost, v i— > v' = v — u, we are done. □ 

We name these asterisked variables the Galilean invariant forms, or simply the Galilean 
invariants, of the corresponding components of the Lorentz vector g^ and the Lorentz tensor 
^ fiu . This terminology is borrowed from Kovetz 2 , although our forms are slightly different 
to his. 

The Galilean invariants corresponding to the components of the covariant counterpart 
of g^ and ^^ , denoted 



9 it = (do gi) and % u = ( q° q J 



respectively, can be obtained by using the relations go = g°, gi = — g 1 , Go = G°, Gi,2 = 
— G 1,2 , and G3 = G 3 as a consequence of the Minkowski metric, Eqn. (3). An important 
application of this covariant version of Proposition 15 is to get the Galilean invariant forms 
of the covariant four-gradient operator <9 M = (d t /c, V T ), where V T = (di,d 2 ,d 3 ) is the 
gradient operator in M. 3 . Using Eqn. (16) and the aforementioned relations, in addition to 
the semi-relativistic limit condition (IV), we have 

*d t = d t + v-V, 

*v = v. (18) 

Now, we can restate the condition (IV) as "in the semi-relativistic limit, the Lorentz covariant 
four-gradient operator is ultra space- like" , i.e. the spatial component is much larger than 
the time component. 

Another derivative operator which has been found to be useful in the Galilean invariant 
formulation of non-relativistic (and semi-relativistic) electromagnetism is the flux 
derivative 1 ' 2,6 , which is defined as 

a= (d t + v- V)a+(V- v)a-a- Vv (19) 

for a vector field a 6 M 3 with sufficient regularity. Since all components of the gradient 
of v are Galilean invariant, the flux derivative is a Galilean invariant operator. It has the 
property that for an arbitrary sufficiently regular surface ygl 3 , 

a.n^/a.nd, 

y dt J y 



Here, n is the unit normal of 5? . 

Clearly, a volume derivative, defined as 

a = (d t + v • V + V • v) a (20) 

for a vector field a e M. 3 with sufficient regularity, is also Galilean invariant. It has the 
property that for an arbitrary open bounded domain ^6l 3 , 

«* = £/.*,. 

at J gg 

Remark 16. We cannot cancel terms like v • G 3 v/c 2 in (16) and (17) right away because the 
relative sizes between the components such as Go and G3 are unknown. 

Remark 17. From the condition (V), we can see that for a field /, [/] ~ [/] ~ [dtf]- 

4. Galilean invariants in electromagnetism 

In this section, we are going to show that the classical electromagnetism can be 
reformulated to be Galilean invariant within the semi-relativistic limit, using the concept of 
Galilean invariants and the procedure described in Proposition 15. Through the resulting 
formulation we will see that the Galilean invariants introduced in Sect. 4.1 are more proper 
choices of independent variables than the original field variables to be used in the theory of 
electromagnetic continua. 

4.1 Galilean invariant variables 

In (special relativistic) classical electromagnetism 14,15 ' 17 ' 18 , all fields and sources can be 
represented by Lorentz invariant four-vectors and four-tensors whose Galilean invariants 
can be obtained by applying Proposition 15. We summarize them in Table 2. 

Remark 18. The Galilean invariants in all but the last two rows of Table 2 are similar to 
those in the literature 1 ' 2,5 ' 6 except the terms containing c _2 -factor. This is because Table 2 
is based on the semi- rather than non-relativisitic limit. 

Remark 19. The Galilean invariants in the last two rows of Table 2 are can be recovered by 
replacing all variables in their definitions (see the table notes) with the corresponding 
Galilean invariants given in the first six rows, and applying the semi-relativistic 
approximation, e.g. *hj = *J • *E, and *T = e *E <8> *E + *B <8> *B/// - *wl. 

Remark 20. Although electromagnetism is based on the fields in the top six rows of Table 2, 
what really plays important roles in the thermomechanical theory are the last two rows. 

4.2 Galilean invariant formulation 

The classical electromagnetism can be formulated completely be Lorentz invariant fields and 
operators 14 ' 15 ' 17 ' 18 . The formulation has a 3D representation, including Maxwell's equations. 
But it is non-objective under Galilean transformations of M 3 . By algebraic manipulations, 
these 3D equations can be rewritten in terms of only the Galilean invariants obtained in 
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Table 2: Lorentz invariant (contravarient) four-vectors and four-tensors in electromagnetism and 
their Galilean invariants 





4-D variables 


descriptions 


block matrix representations 


Galilean invariants 


1) 


st* 


four-potential 


{0/c; A} 


*<f> = <f> — v ■ A 
*A = A — (j>v/c 2 


2) 


j» 


four-current 


{cp; 3} 


* p = p — v ■ J/c 2 

* J = J pv 


3) 


fit 


free four-current 


{cpf, Jf} 


*P( =4>f-v- J t /c 2 

*J f EE Jf - p f v 


4) 


^■C" 


field strength tensor 


/ -E T /c\ 
\E/c W(B) ) 


*E = E + v x B 
'BeB-vx E/c 2 


5) 


CfiVV 


free field strength 


( -cD T \ 
\cD W(H)J 


*DeD + vx H/c 2 
*HeH - v x D 


6) 


J6» V 


bounded field strength 


/ cP T \ 
\-c~P W(M)J 


'PeP-vx M/c 2 

*M EE M + V x P 


7) 


P 


four- force 


{hj/c; f L }M 


*/lj = hj - vf L 

*f L EE f L - ftjv/c 2 


8) 


G7-\±l> 


energy momentum tensor 


(v S T /c\ [2] 
\S/c -T J 


*w ee wi - 2S • v/c 2 
*S ee S - wiv + Tv 

*TeeT + (v®S + S® v)/c 2 



I 1 ) /ij = J ■ E is the Joule heating, and fj, = pE + J X B is the Lorentz force. 

™ w = eo|E| 2 /2 + |B| 2 /2po i s the field energy density, S = E X B/po i s the Poynting vector, and T = eqE ® E - 
B cg> B/po _ wl is the Maxwell stress. 



Table 2 and the Galilean invariant derivative operators (18) and (19). The result is the 
Galilean invariant formulation of classical electromagnetism within the semi-relativistic limit, 
which is summarized in Table 3. 

In the derivation of the Galilean invariant forms in Table 3, particularly those of 
Poynting's theorem and the momentum identity (the last row of Table 3), we used the 
semi-relativistic limit condition (II) and (IV) and Remark 10 to claim 

[W-v)/c 2 ] 1 [v][d t f] 
[v-W)/c 2 ] 



<e 2 [V/]~e 2 [V-/] 



for any semi-relativistic scalar, vector, or tensor field /. Thus, because of the presence of V- S, 
in the Galilean invariant Poynting's theorem, we have the approximation T ■ Vv « *T • Vv. 
Also, recall [w] ~ [T], the presence of V • T in the momentum identity enables us to neglect 
terms like dt(wv)/c 2 , <9t(Tv)/c 2 and (dtw)v/c 2 during the derivation. 

For an arbitrary bounded open domain 3$ G M 3 whose boundary dSS has a sufficiently 
regular unit outer normal vector field n, and for an arbitrary bounded surface S? G IR 3 whose 
boundary dy has a sufficiently regular unit tangential vector field t such that y is always 
on the left of t, the following Galilean invariant identities hold: 

d 

dt 

— dv, 
*Pfdv, 



<1:-S! 



*B ■ nds = 0, 



'E ■ nds 



*E • tdl = -— 



ay 



*B ■ nds, 



y 



*B • tdl 



ay 



fi * J • nds — 



y 



1 d 



*E ■ nds, 



y 



T) ■ nds 



ss 



H ■ tdl 



ay 



* Jf • nds 



y 



d_ 
It 



*D • nds, 



(21) 
(22) 
(23) 



y 
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Table 3: 4D Lorentz covariant electro-magnetism and its 3D Galilean invariant formulation 

Lorcntz invariant 4D non-objective 3D Galilean invariant 3D formulation 

formulation formulation local form global form 



1) JW*" = QVstfv _ QV a 



E = -V0-d t A *E = -V*</>-(*<9 t + Vv)*A 

B = VxA *B = V x *A + *<j>V x v/e 2 



2) ^0^g a * _ [i] V-B = V-*B = 

2) € ^ dp&nu - ON V x E = -&B V x *E = -*B (21) 

3) 0^ -voj V x B = poJ + 9 t E/c 2 Vx*B = M0 *J + *E/c 2 (22j 

4) 8^=^ r ?x D H = =U + 9t H ?x^ = ='S-J, + -H ^ 



5) J r '"7w> = ^ M " + ^ M " 



e E = D - P e *E = *D *P 

B//io = H + M *B/ W i = *H + *M 



t>; <W + &»uS -U a tS /c 2 + f L -V-T = *S/c 2 + *f L -V-*T = -*S-Vv/c 2 (25) 



[1] fapfi-v j g j- ne f or th-order Levi-Civita permutation operator. 



/ *wcfr; + / */ijtfo + A *S ■ nds = J *J ■ Vvdv, (24) 

J a J ss Jass J ss 

jdv + [ 7l - V • *Ttfo = - / !| . Vvci W . (25) 



|/>+/*A-v--T rf „=-/: s 

Remark 21. The right hand sides of (24) and (25) are rarely mentioned in past literature. 
The former can be interpreted as a dissipation rate due to the (Galilean invariant) Maxwell 
stress. The latter can be interpreted as a work due to the non-symmetry between the 
electromagnetic momentum *S/c 2 and the mechanical momentum v. Such non-symmetry 
may contribute to a non-symmetric Cauchy stress as discussed by Kovetz 2 and others. 

Remark 22. Although similar Galilean invariant Maxwell's equations have been introduced 
by many past works 1,2 ' 5 ' 6,10-13 , the real goal of the present note is to derive the Galilean 
invariant Poynting's theorem and the momentum identity in the last row of Table 3, as well 
as their global forms (24) and (25). The former identity is closely related to the conservation 
of energy, and the latter one is closely related to the balance of linear and angular momentum 
in the thermomechanical theory. 

5. Stronger limits 

As we mentioned earlier, the terms containing c _2 -factor cannot be brutally neglected, unless 
further information about the relative sizes between various field variables are known. In 
this section, we discuss some stronger limiting cases where such relative sizes are partially 
known, and simplify the Galilean invariant formulation of electromagnetism in these stronger 
limits. 
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5.1 Magnetic limits 

Definition 23. A semi-relativistic electromagnetic problem is said to be within the (weak) 
magnetic limit, if 

[E]<ec[B] (26) 

The problem is said to be within the strong magnetic limit, if in addition to (26), also 

c[D]<e[H], c[P]<e[M] (27) 

Some of the Galilean invariants listed in Table 2 can be reduced, when the magnetic limit 
is reached. For example, *B = B can be recovered. If it is the strong magnetic limit, we shall 
also have *H = H and *M = M, which are different from the Galilean invariants obtained 
in most past works 2,5,6 , where the non-relativistic limit was used. In past works, usually 
*D = D and *P = P. But, from (27) we can only see that [v][H]/c 2 /[D] > [v]/ce > [v)/c. 
This does not exclude the possibility that [v x H/c 2 ] > e 2 [D], because [v]/c > e 2 is allowed 
in the semi-relativistic limit. Hence, *D = D + v x H/c 2 cannot be further reduced with the 
magnetic limit. 

We notice that according to the first row in Table 3, the magnetic limit implies 

[V0]<6C[VA]. 

According to the constrain (9) given in Definition 8, above inequality is equivalent to 

[4>}<ec[A]. (28) 

This inequality can be treated as an alternative way of stating the magnetic limit. Thus the 
second equation in the first row of Table 3 is reduced to 

*B = V x *A. 

Eqn. (22) 2 and its local form given in Table 3 are also reduced, because 

[d t E]/c 2 <e[d t B]/c<e 2 [VB] 

within the magnetic limit. There are other equations can be reduced when the magnetic or 
the strong magnetic limit is reached. All the reductions are listed in Table 4. 

From (22)i and the reduced form of (22) 2 , we have eofV-E] ~ [p] and [V£>] ~ Po[J], which 
yields 

c[ P ] < e[J] (29) 

according to (26). Then we obtain the reduction *J = J, because [v][p] < e 2 [J]. Such 
reduction has been also found in other "magnetic problems", such as 
magnetohydrodynamics 2 Sect. 61. The inequality (29) can be treated as the third way of 
stating the magnetic limit. 
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Table 4: Reduction of Galilean invariant variables and equaitons within magnetic and electric limits 





magnetic limit 


electric limit 


(weak limit) 


*A = A, *B = B, *J = J 

*f L = f L , *w = w, *T = T 

*B = V x *A 
V x *B = /x * J 


*0 = 0, *E = E, *p = p 
*hj = hj, *w = w, *T = T 

*E = -V*<p 
V x *E = 


strong limit 


*H = H, *M = M, *J f = J f 
V x *H = *J f 


*D = D, *P = P, * P f = Pi 



5.2 Electric limits 

Definition 24. A semi-relativistic electromagnetic problem is said to be within the (weak) 
electric limit, if 

c[B] < e[E] (30) 

The problem is said to be within the strong electric limit, if in addition to (26), also 



[H]<ec[D], [M]<ec[P] 
Similarly, we have two alternative ways of stating the electric limit: 



< 



c[A] 

[J]<tc[p\. 



(31) 



(32) 
(33) 



The reduction of Galilean invariant variables and equations are listed in Table 4. 

Remark 25. The Galilean invariant Poynting's theorem and the momentum identity cannot 
be reduced in either limit. 

Remark 26. In fact, problems within the magnetic or electric limit have some multiscale 
features. For example, within the magnetic limit, the whole set of electric variables are 
much smaller than the set of magnetic ones. That is why, as indicated by the reduced 
formulas of the Galilean invariants, the former cannot affect the latter, while the latter 
can affect the former. Thus, although we have the governing equations containing electric 
variables that none of the terms in the equations is negligible, such as (22) i, the equations 
themselves are small as a whole. In other words, we do have the formulation of electric 
phenomena in a magnetic limit problem, but those phenomena are actually happening in 
a much smaller scale compare to the scale of the dominating magnetic phenomena. Only 
because the difference between two scales is less than e 2 , the semi-relativistic formulation is 
capable of capturing both. 
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